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Abstract
In this paper, necessary and sufficient conditions are obtained so that

the netral functional difference equation

A" (yn = Yr(n)) + @G Yo (n)) = frsn > 1o

admits a positive bounded solution, where m > 1 is an odd integer, A is
the forward difference operator given by Ay, = ynt1 — Yn; {fn}, {qn},
are sequences of real numbers with ¢, > 0, G € C(R,R). The results of
this paper improve and extend some recent work [4, [12].
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Keywords: Oscillatory solution; neutral difference equation; asymp-
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1 Introduction

In this paper, necessary and sufficient conditions are obtained so that the neutral
functional difference equation

A™ (yn - yr(n)) + qnG(ya(n)) = fa,m 2> ng (11)

admits a positive bounded solution, where m > 1 is an odd integer, A is the
forward difference operator given by Ay, = ynt+1—Yn; {fn}, {qn}, are sequences
of real numbers with ¢, > 0. It is supposed that G € C(R,R), is non-decreasing
and xG(z) > 0. Moreover, it will be assumed that 7(n) and o(n) are increasing
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sequences of integers, such that they are less than n and approaches +oo as
n — o0o.

All over the world, during the last decade or two a lot of research activity
is undertaken on the study of the oscillation of neutral delay difference equa-
tions(NDDEs in short). For recent results and references see the monographs
[1, 2, B] and the papers [4] [8 9, 10, 12 13] and the references cited there in.
In these papers the authors have studied the oscillation and non-oscillation of
solutions of the NDDE

A(yn - pnyn—k) + QnG(yn—r) = fn (12)

under the condition -
Z n"™ g, = o, (1.3)
n=no
or the condition
oo
Z n™ g, = oo. (1.4)
n=no

However, in this work we prove that the necessary and sufficient conditions for
the oscillation of all bounded solutions of

A™ (yn - yT(n)) + QnG(yo(n)) =0,n>mng (15)
is

i n™q, = 0o, (1.6)

n=ngo

which is weaker than (1.3)) and (1.4). Thus our results improve the following
Theorems, which are particular cases of some of the results in [4].

Theorem 1.1. [J, Corollary 4.6] Let (1.3) hold. Further, assume that the

following conditions hold.
(H1) o(n)/n > pu >0 for all n > ny.

(H2) liminfj, o €% > 6> 0.

u

Then every bounded solution of (L.5]) oscillates.

Theorem 1.2. [J| Theorem 4.7] Suppose that the conditions (H1), (H2) and
(1.3) hold. Then every bounded solution of (1.5) oscillates.

Theorem 1.3. [J, Theorem 4.9] Let 7(n) = n — k for some k. Assume that
(H1), (H2) hold. Further assume the following condition.

(H3) Suppose that for every subsequence {qn,} of {qn}, we have

o0

> ()", = o0,

Jj=0

or equivalently liminf, _ .. n™ g, > 0.
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Then every bounded solution of (L.5]) oscillates or tends to zero as n — oc.

Note that (H3) implies (L.3).

Let ng be a fixed nonnegative integer. Let p = min{7(ng),o(ng)}. By a
solution of we mean a real sequence {y,} which is defined for all integers
n > p and satisfies for n > ng. Clearly if the initial condition

Yn = a, for p<n <ny, (1.7)

is given then the equation has a unique solution satisfying the given initial
condition (L.7). A solution {y,} of is said to be oscillatory if for every
positive integer ng > 0, there exists n > ng such that y,y,4+1 < 0, otherwise
{yn} is said to be non-oscillatory.

2 Some Lemmas

For our main results we need the following definitions and Lemmas.
Definition 2.1. For any positive integer n > ng, define
7_1(n) = {m : m is an integer > n and 7(m) = n}.

Remark 2.2. The function 7_; defined above is the inverse function of 7(n).
Since 7(n) is increasing, it is one-one. If n is a positive integer greater than or
equal to ng then 7_1(7(n)) = n.

Definition 2.3. Define

05 (n) = n, 71y (n) = 7_1(n), 721 (n) = T (71 (n)).

For any positive integer i > 2 we define
() = 1 (75 (n)
Definition 2.4. Define the factorial function(See[d, page-20]) by
n® =nn-1)...(n—k+1),
where k < n and n € Z and k € N. Note that n(¥) =0, if & > n.

Then we have

An®) = =1, (2.1)
where n € Z, k € N and A is the forward difference operator. Now set
1, k=0
b (n,m) := 3 byt (n,), keN. (2.2)
j=m
Using the method of induction one may easily prove (see[d], page 74]
1
be (n,m) = — (n+k—m)™. (2.3)

k!
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Lemma 2.5. [/, lemma 2.4] Let p € N and z (n) be a non oscillatory sequence
which is positive for large n. If there exists an integer po € {0,1,...,p — 1} such
that APow (00) exits(finite) and Atw (00) = 0 for all i € {po+1,...,p—1}.
Then

APw (n) = —x (n) (2.4)

implies

(;__1)790 - ;)! Do (i+p—po—1-m)*" V().

=n

APow (n) = APow (00) +

(2.5)
for all sufficiently large n.

Lemma 2.6. [ Let z, be a real valued function defined for n € N(ng) =
{no,no +1,...},n9 > 0 and z, > 0 with A™z, of constant sign on N(ng) and
not identically zero. Then there exists an integer pg, 0 < pg < m—1, with m+pg
odd for A"z, <0 and (m + pg) even for A™z, >0, such that

Az, >0 for n>mng,0<i<pg,
and

(—1)p°+iAizn >0, for n>ng,po+1<i<m-—1.

Lemma 2.7. [6] If > u, and > v, are two positive term series such that
lim,, (7;") = [, where | is a mon-zero finite number, then the two series
converge or diverge together. If 1 = 0 then convergence of > v, implies the

convergence of > uy,. If | = oo then divergence of > v, implies the divergence

of > .

Lemma 2.8 (Schauder’s Fixed Point Theorem [3]). Let S be a closed, convex
and nonempty subset of a Banach space X. Let B : S — S be a continuous
mapping such that B(S) be a relatively compact subset of X. Then B has at
least one fized point in S. This means there is an x € S such that Bx = x.

Further, the following Lemma, that can be easily proved, generalizes [T
Lemma2.1].

Lemma 2.9. Let {f,} and {gn} be sequences of real numbers for n > 0 such
that

Jn = Ggn — PGr(n)sm = Mo

where p € Ryp # 1 and 7(n) < n,Vn, with lim,,_, 7(n) = co. Suppose that
lim, .o frn = A € R exists. Then the following statements hold.

(i) Ifliminf,, o g» = a € R then A = (1 — p)a.

(i) If limsup,,_,.. gn = b € R, then A = (1 — p)b.
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3 Main Results

We need the following two assumptions for our results in this section.

|Z Z FmLf] < oo, (3.1)

=1 j=7¢,(no)

i i i gy < . (3.2)

i=1 j:Ti1(n0)

Remark 3.1. We may recall the well known factorial function n(") = (n—1)(n—
2)...(n — r 4 1), if < n, otherwise it is zero. Since (n — 7+ 1)" < n(") < n",
then from Lemma[2.7] it follows that (3.2) implies and implied by the condition

|Z Z (G — 781 (no) +m—1)"m V| < 00 (3.3)

i=1 Jj= 7—71(”0)

and (3.1]) implies and implied by

|Z Z (G =711 (no) +m— 1)V fi] < o (3.4)

=1 j=7% (no)
Our first result reads as follows.

Theorem 3.2. Suppose that for each positive integer n > ng, fr, <0, and that

(3.1) holds. Then (L.1) admits a positive bounded solution if and only if (3.2)
holds.

Proof. Assume that (3.2) holds. We show that (1.1) admits a positive bounded
solution. Using the continuity of G, we set

p=max {|G(z)]: 2 <z < 6}. (3.5)
Then by (3.2) and (3.1) and Remark we find a positive integer N7 > ng
such that n > Ny implies

s 2 )+ m = 1) g <1 (3.6)

and

_112 Z (G =7 +m =)D <1 (3.7)

Choose Ny > Nj such k > Ny, where k = min{7(N3),s(N2)}. Let X = [,
the Banach space of bounded real sequences x = {z,}, with the supremum
norm

l|z|| = sup{|zn| : n > Ny}
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In this space, we define the closed and convex set
S={yeX:2<y, <6,n>N;}. (3.8)

Now we define the operator B, from S to X, such that fixed points of B are
solutions of (|1.1). For y € S, define

(BY) N, Ny <n < Ny,
(By)n = (,;1)1 P gt (w0 = Tha(n) Hm = Gy, )

1 m—1

Jr((m T 2oiet 2ogeri () (J = TEa(n )+m—1)mDf 44 n>N,.

For y = {yn} € S, we have (By), < 6 and (By), > 2. Hence, By € S. Then
using ) and ((3.4 . ) and proceeding as in the proof of [?, Theorem 4. 7] we prove
BS is relatlvely compact. By Lemma u there is a fixed point y° in S such
that Byl = yY. for n > Ny, writing y,, for y we obtain

o

1y =
Yn :(fn—)l)'z G- +m = 1" VG o))
i=1 j=r _1(n)

Z Z (G—7i(n)+m—1)mDf 44,
=1 J=T 1(”)
For n > N», it follows that

> (G =n+m—1)""VgGye )

j=n

+ (7(71_1_)7:)!;0 —n+m—1)""D

Yn = Yr(n) =

Applying A to both sides of the above equation for m times, we arrive at .
This solution is bounded below by 2 which is a positive constant.

Conversely assume that admits a positive bounded solution {y, }. Then
we find a positive integer ng such that n > ngy implies

Yn > O7y'r(n) > O7ya(n) > 0.

Note that (3.4]) follows from (3.1) by Remark If we set

P = (f;l_)g,zj(] w1

then A™F,, = f,,. Since m is odd and f,, <0,

F,>0 and lim F, =0, (3.9)

n—oo
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due to . Setting
Zn = Yn = Yr(n) and wy, = z, — F, (3.10)

for n > ng, we obtain
A" wy, = —¢nG(Yo(n)) < 0. (3.11)

Since w,, is bounded then lim,, ., w, = [ exists. From and -, we
obtain lim,,_, » 2z, = [. From Lemma it follows that [ = O Here in this case
po = 0 by Lemma Then (—1)!Atw, >0 for 1 <i < m — 1. Hence w, >0
for n > ny > ng as it is decreasing. From we obtain ¥, > y,(,) forn > ny
because F,, > 0. This implies liminf,, .., y, > 0. Thus there exists v > 0 such
that v,, > v for n > ny > n;. Applying Lemma [2.5] to (Here pg = 0) we
obtain for n > n3g > no,

m 1
wn = _1 oy = DG )
Then it follows that
G(’Y) — . (m—1) 1 = . (m—1)
(3.12)
Replacing n by 7_1(n) in (3.12)), we get
G Y > . m—
Yn <Yr_i(n) — (m(—)l)' Z (i —7_1(n) + m —1)m Vg,
T (3.13)
1
- P _1)(m=1) ¢
oo L (- mamam- DTy
i=7_1(n)
From (3.12)) and (3.13) it follows that,
Yr(n) <Yr_i(n) — ,Z Z (G—1ii(n)+m— )(m_l)qj
=0 j=7%_(n)
T (3.14)
m—1) ,Z Z (G =i () +m =1V
i= OJ T 1(”)
Hence repeating the above process k times, we obtain
Yr(n) <y7‘ﬁl(n ' Z Z j - T + m — 1)(m 1)(]]
1=0 j=7%_(n)
s (3.15)

_112 Z (=i +m =1V

=0 j=71 1(n)
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Hence

k 0o
mz >, G-rh(m+m-1g

i=0 ‘7:71 1 (n)

k %)
1 .
_ N} _ 1)(m=1) ¢
<Yrk (n) ~ Yr(n) T m =1 g g (G—7in)+m-—1) fj-

i=0 j=r17,(n)

(3.16)

Taking limit & — oo, using (3.4]) and that y,, is bounded, we obtain (3.3)), from
which (3.2)) follows by Remark Thus, the proof of the theorem is complete.
0

The following corollary could be proved, proceeding as in the proof of the
above theorem.

Corollary 3.3. Suppose that f,, > 0, for each positive integer n > ngy and (3.1))
holds. Then (1.1) admits a negative bounded solution if and only if (3.2) holds.

Next, our objective is to prove a theorem which shows that (3.2)) is equivalent
to the condition (1.6)

Theorem 3.4. Consider the delay difference equation
A"z + ¢u2p () = 0,n > 0. (3.17)

Then the following conditions are equivalent.

(a) every solution of (3.17) oscillates.
(b) The condition (1.6 holds.

(¢) The condition
Y imlg =oo, (3.18)
i=0 j=no+ik

holds for any fixed positive integer k and ng > 0.

Proof. We show that (a) < (c) and (a) < (b). Hence (b) < (c). First let us
prove (a) < (c). Suppose that (a) holds. For the sake of contradiction, assume
that (c¢) does not hold. Then

oo o0 S

S % e

1=0 j=no+ik
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Hence we can find an integer ny > 0, large enough such that

,1 =1 Z Z 7" e < 1/3. (3.19)

i=n1 j=no+ik

Let ny = ng + nik. Then from (3.19)), we obtain

_1'2 Z jm qj<1/3 for n > no.

1=0 j=n+1ik

Using Remark we obtain

'Z Z (j—n—ik+m—1)mYg <1/3 (3.20)
1=0 j=n+ik
for n > ng. Choose Ny > ng and N > Ny such that o(N7) > Ny. Let
X = [Yo be the Banach space of bounded real sequences x = {x,,},n > Ny with
supremum norm ||z|| = sup{|z,| : n > No}. Define S to be a closed subset of
X such that S ={y € X : 1<y, <3/2,n> Ny}. Then S is a metric space ,
where the metric is induced by the norm on X.For x € S, define

A 13 NggnSNl,
T
! 1 m1u21 lej 1(]_@+m_1)( l)qx(), n > Ni.

Then for n > Ny,

1<Axn<1+ 'ZZ]—ermfl)( )qjarg(j)

i=N; j=1
oo Ni+pk+k—1 oo

<1 |Z Z Z]—H—m—l)(m l)quv,,()

p=0 i=Ni+pk j=i

<1 Z Z (j— Ny —pk+m— 1)(7”_1)qjx(,(j)
p 0j=Ni+pk

<1 _1'Z Z (j — Ny — pk+m —1)(m= g,

p=0 j=N1+pk
<1+ 1/2 < 3/2.

Hence AS C S. Further, it may be shown that, for z,y € S,||Azx — Ay|| <
||z — y||. Hence A is a contraction. Consequently A has a unique fixed point
z in S. It is a positive bounded solution of for n > N», a contradiction.
Hence (a) = (c) holds.

Next, suppose that (c) holds. Let z = {z,} be a bounded non-oscillatory
solution of . We may take, with out any loss of generality x,, > 0, Zg(,) > 0
for n > ng > 0. Then

Aerlxn = —GnTqs(n) <0 (321)
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for n > ny > ng. Hence z,,Ax,,...A™x, are monotonic and are of constant
sign for n > no > ny. Since x, is bounded and m is odd, Az, > 0, by Lemma
This implies {z,} is non- decreasing. Since z, > 0, we find a > 0 such
that x, > o > 0 for n > ng > nq. Applying Lemmato , (Here pg = 1)
we obtain

Az, = lim Az, + w i(z —n+m— 1)(m_1)qix (i)
n— 00 (m _ )! - o1
= (3.22)
m 1 °©

71 = ZZ—"+m—1)( V450 ()

Hence taking summation on both sides of the above equation we obtain

j nst+pk+k—1 j mna+pk+k—1 oo

—1
D X Amzpmgmd D D (imntm =1 Vg,
p=0 n=ns+pk p=0 n=ns+pk i=n

(3.23)
This implies

j mnatpk+k—1 oo

Trst(j+1)k ~ Tng = 7T—— m— 1)1 YooY D i—n+m—1)" Vg,

pOnng-&-pkln

_112 Z (i—ns—pk—k+m)(m*1)qi

p=0i=ngz+pk+k—1

Taking the limit j — oo and using the fact that {z,} is bounded, we obtain

i i (i —ng — pk — k+m)™ Vg < o0,

p=0i=ns+pk+k—1

a contradiction. Hence (¢) = (a) is proved.

Next, to show (a) = (b). Suppose that (a) holds. For the sake of con-
tradiction, assume (b) does not hold. That is Y ;= (i — no + m)™g; < oo.
Hence for any n > ng, we have m, Yoo (i n—l—m)(m)q < 00. Then proceeding
as in the proof of the case (a) = (c ), we find Ny such that n > Ny implies
#Z;’in(z —n+ m)(m)qi < 1/4. Let Ny > Ny such that o(N7) > Ny. Set
S={x,e€X:3/4<z,<1,n> Ny} and for x € S,

Ay, No<n <N
Ay = 1 0o /- )
1— 532 (i —n+m) ™™gy, n> N

Clearly, 3/4 < A(z,) < 1. Hence A(S) C S and A is a contraction. Hence A
has a unique fixed point in S which is a positive bounded solution of 7 a
contradiction. Hence (a) implies (b).

Next, suppose (b) holds. Let {x,} be a bounded non-oscillatory solution of
for n > ng > 0. Proceeding as in the proof of the case (c¢) = (a), we
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obtain lim, e 2n = | > 0 exists. By lemma we have pg = 1. Then due
to the boundedness of z,, it follows that lim, ., Az, = 0. From (3.17)), using
Lemma [2.5] for p =m + 1 and py = 0, we get

—1)ym
(<m§! D (i —n+m) gy ).

i=n

Tp =1+

This implies

(_1)m - . m
| ()] Z(l—n—i—m)( )Q¢$a(i)| < 00.
On the other hand,
1 & I
-l Z(z —n+ m)(m)qixg(i) > 2(ml) Z(Z —n+m)™g = .

a contradiction. Hence (b) = (a). Thus the theorem is completely proved. O

Remark 3.5. If 7(n) = n — k then 7_1(n) = n + k for some k, and 7°(n) =
n + k. Using this in (3.2)), and further using Theorem one may conclude

that (3.2) < (1.6).
From Remark [3.5] and Theorem [3.2] the following result follows.

Theorem 3.6. Every bounded solution of (1.5) with 7(n) =n —k for some k,
oscillates if and only if (1.6) holds.

Remark 3.7. The above theorem improves Theorems and

At the end we would like to present an example which illustrates our results
and establishes the importance of this work.

Example
Consider the neutral difference equation

Ag(yn - yn—l) + qnG(yn72) = 0, (324)

where G(u) = u5. Consider

L. nisodd
Yn=19" 1 .
—L. niseven.
n
Then
AP (Y = Yn—1) = Ynts — Wnto + 6Ynt1 — 4Yn + Yn1.

If n is odd then

A3(_)__1_4_6_4_;
Un T = T8 T 2 (nt 1) ne (n—1)
161020 + ...
__n25—|—...

= -A
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G(yYn—2) = =5. On the other hand if n is even then

1

A3(yn — yn_l) =A and G(yn_Q) — —

IIl eltllel Case, we take
= 2 A e f .
qn (TL - ) ~ n or lalge n

Note that g, satisfies the condition of this paper. Clearly, {y,} is a
bounded solution of the (3.24) which oscillates. However, it does not satisfy
any one of the conditions (1.3, (L.4)or (H3). Hence the results of [4, [12] or any
other paper in the reference cannot be applied to the neutral equation .
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